Beds are key, scarce medical resources in hospitals. e bed occupancy rate (BOR) amongst different departments within large tertiary hospitals is very imbalanced, a situation which has led to problems between the supply of and the demand for bed resources. is study aims to balance the utilization of existing beds in a large tertiary hospital in China. We developed a datadriven hybrid three-stage framework incorporating data analysis, simulation, and mixed integer programming to minimize the gaps in BOR among different departments. e first stage is to calculate the length of stay (LOS) and BOR of each department and identify the departments that need to be allocated beds. In the second stage, we used a fitted arrival distribution and median LOS as the input to a generic simulation model. In the third stage, we built a mixed integer programming model using the results obtained in the first two stages to generate the optimal bed allocation strategy for different departments. e value of the objective function, Z, represents the severity of the imbalance in BOR. Our case study demonstrated the effectiveness of the proposed data-driven hybrid three-stage framework. e results show that Z decreases from 0.7344 to 0.0409 after re-allocation, which means that the internal imbalance has eased. Our framework provides hospital bed policy makers with a feasible solution for bed allocation.
Introduction
e inherent difference between limited resources for healthcare and steadily increasing demands occurs all over the world and is particularly serious in developing countries. According to a research report from the World Health Organization (WHO) and World Bank Groups, at least 400 million people worldwide cannot receive one or more basic health services [1] .
is differential is particularly apparent with respect to bed resources. Although hospital bed numbers have increased greatly in recent years, this increase cannot cope with the growth rate of admission demand in China. According to the report "Statistical Communique on the Development of China's Health and Family Planning Program 2016" [2] , the number of hospitalizations across the nation's medical and health institutions was 227.28 million and the annual hospitalization rate was 16.5%. ere were 7.410 million beds in medical institutions across the country.
Amongst all of the medical institutions, China's large tertiary hospitals, classed as Class III according to the classification standards (Appendix), are facing the most serious imbalance between admissions and bed resources (Table 1) .
e number of hospital beds and individuals hospitalized in Class III hospitals increased to 2,213,718 and 76,860,000, respectively. Bed occupancy rates (BORs) reached 98.8% in 2016.
We found that the imbalance between supply and demand in large tertiary (Class III) hospitals is greater than that in the other two classes of hospitals. Hospital managers urgently need to find solutions to alleviate bed shortages. Hospital administrators typically address this issue in two ways: by improving utilization of existing beds or by expanding capacity. e first involves the complex task of strategically allocating the proper amount of beds for each set of care types. A hospital that is unable to find an optimal allocation may acquire additional beds. However, an expansion, which is desirable for one hospital, may not be advantageous from the perspective of the public planner [3] and may even have some negative consequences, such as doctor and nurse work overloads, decreases in medical care quality, and aggravation of medical conflicts [4] . erefore, from the perspective of the sustainability of medical resources, the best option is to improve the utilization of bed resources.
e BOR of the Class III hospitals is usually as high as 98%. However, the utilization rate of beds in different departments of a Class III hospital can be very different. West China Hospital (WCH) is typical of such hospitals (see Section 3.1 for more details).
e availability of beds for patient hospitalization services is excessive in some units and scarce in others. is discrepancy between bed availability in different departments leads to the overcrowding of some departments and the idleness of other departments. is internal imbalance has further worsened the shortage of hospital resources.
A possible solution to this problem is to allocate the number of beds among different departments in such a way as to increase the utilization rate of beds and alleviate the shortage of bed resources as much as possible. ere has been considerable research into the allocation of bed resources. e study of bed resource allocation can be divided into two main approaches.
One approach is to assign the optimal number of beds in a single department or care units, such as surgery units [5] , intensive care units [6, 7] , and obstetrics departments [8] . For instance, Akkerman and Knip [5] planned the optimal number of beds for cardiac surgery with the goal of reducing patient waiting time. Oerlemans et al. [9] sent an online questionnaire to all ICU physician members in 90 hospitals of the Dutch Society for Intensive Care, the results of which can be used to improve decision-making regarding allocation of ICU resources. Devapriya et al. [10] proposed the strategic bed analysis model, which is a discrete-event simulation model created after a thorough analysis of patient flow and data from Geisinger Health Systems (GHS). Ridge et al. [11] investigated the problem of hospital bed planning in the intensive care unit. Romanin-Jacur and Facchin [12] studied the ward planning of the intensive surgical department and the pediatric semiintensive care unit.
Another approach to the problem focuses on the number of hospital beds throughout the whole hospital. For example, Akcali et al. [13] planned the best use of hospital beds in the entire hospital with the goal of minimizing the total cost. Utley et al. [14] determined the reasonable number of beds for elective patients in the whole hospital in the case of a very low rate of patient cancellation. However, there is little research on the allocation of beds among different departments or wards.
A range of operational research (OR) methods have been developed and applied to problems of healthcare resource allocation [15] , especially bed resources.
ese methods include queuing theory [16, 17] , simulation [18, 19] , goal programming [20, 21] , and mathematical programming [22] [23] [24] . Most of the current research uses a single method for each study. However, the premise of queuing theory is based on very strong assumptions, and it is difficult to apply. Mathematical programming can flexibly add constraints and change the objective function according to specific conditions, and it is more popular. erefore, a hybrid of different methods is more conducive to solving the problem. Simulation and mathematical programming have become increasingly popular approaches to allocate resources in health care. Tontarski [25] utilized simulation-based optimization and mathematical programming for solving complex nursescheduling problems. Studies on the bed allocation problem using mathematical programming, especially combined with simulation, are relatively few.
In short, research into bed allocation mostly focuses on the study of the number of beds in a single department. e problem of how to allocate beds in different departments has not been fully studied. Furthermore, most of the current research on bed allocation is based on a single method such as queuing theory [26] or simulation [27] . ere are few hybrid models which integrate data analysis, simulation, and mathematical programming. We propose a solution to the bed allocation problem at an operational level. We develop a data-driven hybrid three-stage framework incorporating data analysis, simulation, and mixed integer programming (MIP) to determine the optimal bed allocation strategy. e first stage is to select departments for allocation according to the relationship between the number of beds and the BOR and have this result approved by hospital management. In the second stage, we used a simulation model to calculate the BOR for different numbers of hospital beds. We thus derive the functional relationship between the two variables. e third stage is to find the best number of beds in five departments using a MIP model. Our study aims to alleviate shortage of beds by balancing the utilization of existing beds without increasing the number of beds in a large hospital in China. Overall, the contributions of this study are as follows:
(1) Our framework is data driven, making the allocation strategy more rational. (i) Using real data from the hospital, data analysis is used to determine the optimal department needs to allocate beds; (ii) the simulation model is used to simulate the e rest of the paper is organized as follows. In Section 2, we briefly introduced the background of the case hospital (WCH) and the process of the data-driven hybrid threestage framework. Taking WCH as a case study, we applied the framework proposed in Section 2 to WCH, and these analyses of the framework are shown in Section 3. In Section 4, we discuss the results of the paper. Finally, Section 5 concludes the paper and indicates some directions for future research.
Materials and Methods

Study Hospital.
From a macro perspective, the overall BOR in China's tertiary hospitals is very high. However, at an individual level, the availability of hospital beds in different departments in individual hospitals is uneven. is phenomenon exists in almost all of the tertiary hospitals in China. It is particularly serious in WCH, a tertiary hospital which is located in Chengdu, Sichuan province. In order to rationally manage beds, the Admission Service Center (ASC), a bed planning organization, was established in 2011. It manages 2956 beds and 28 specialized care departments. After our survey and data analysis (Figure 1 ), we found that the allocation of beds among the 28 departments is not balanced. For example, the BOR of W3 is as high as 122%, while others, such as W12, are only 64.70%. e reason why the BOR is over 100% is that the extra beds are involved in the calculation process. When the number of inpatients exceeds the number of fixed beds, the hospital will add additional beds to meet the demand, and these beds are often arranged in the corridor. is imbalance further leads to inefficiency and waste of hospital bed space, which in turn exacerbates the shortage of hospital beds.
We focus on balancing the BOR of departments by redistributing beds to improve the utilization rate of resources.
is study takes WCH as an example to provide a feasible solution for the shortage of hospital beds in large hospitals.
Data Collection.
is study used data from the Hospital Information System of the ASC for the period from January 1 to December 31, 2013. It includes the time of each patient admission and discharge, demographic information, and department information and has a total of 243,685 admission registrations and 167,843 discharge records.
Methods.
e aim of this research is to balance the BOR of each department by allocating the hospital beds to departments, using a fixed number of existing beds, and keeping the bed utilization rate of each department at a reasonable level. Hence, we proposed a data-driven hybrid three-stage framework to solve this problem.
e overall approach is shown in Figure 2 .
(1) Stage I (data preliminaries): we selected the key departments by analyzing their current BOR and number of beds. (2) Stage II (construction of constraint conditions): Simio software [28] was used to establish a simulation model to obtain the different scenarios of the beds and corresponding BOR. We then determined the relationship between the BOR and the number of beds through data fitting, which is one of the constraints of the Stage III. (3) Stage III (construction of model): we established a MIP model to minimize the gap in BOR among different departments. We applied the genetic algorithm (GA) to solve this model, since GA is one of the best tools for satisfactory solution with advantages like good convergence, low computational complexity, high robustness, and so forth [29] .
Stage I: Data Preliminaries
(1) Calculation of Length of Hospital Stay. Length of hospital stay (LOS) indicates the number of days the patient spent in a hospital bed. We made the assumption that the LOS can be considered as a constant [30] . We have got 243,685 admission records and 167,843 discharge records form ASC. e LOS is calculated as the discharge date for each patient minus the date of admission registration in the ASC. e sum of the days of all hospitalized patients is an important parameter for calculating the BOR. is paper uses the data from 2013 1/1 to 2013/12/31. We divided the patients into three types by the discharge date as follows and calculated the LOS in 2013 for each group. Hence, the number of Type III patients is the total number of discharged patients in one department in 2013 minus the number of Type I. We cannot directly calculate the LOS of Type III patients, so in this study, we used the median of the LOS of Type I patients as the value for the LOS of Type III patients, which we called LOS3.
(2) e Calculation of BOR. We calculated each department's BOR according to the following formulas:
BOR � all patients' LOS LOS that all beds can provide .
Stage II: Construction of Constraint Conditions.
e Simio software was used to build simulation models using data from different departments. Changes in the number of beds, the number of hospitalized patients, and the LOS of patients with different bed numbers were simulated and used to calculate different BOR indexes. e relationship between hospital bed numbers and BOR was an important constraint condition in building the mixed integer programming model in Stage III. It proceeds in three steps:
(1) We used the EASY-FIT [31] , a professional data fitting software, to fit the patient's arrival distribution and LOS distribution of each department (2) e fitted arrival distribution and LOS distribution were used as the input to the simulation model, which identified the relationship between the number of beds and the BOR (3) We fitted the relationship between the number of beds and the BOR via IBM SPSS Statistics V21 and obtained their functional relationship
Stage III: Construction of the Model.
In order to thoroughly understand the hospital bed allocation problem, it is necessary to describe the characteristics of the problem in order to implement them in an appropriate mathematical model. We define parameters and variables of the model:
(1) Parameters K ij : the ward type j for department i. ere are three inpatient ward types. w1  w2  w3  w4  w5  w6  w7  w8  w9  w10  w11  w12  w13  w14  w15  w16  w17  w18  w19  w20  w21  w22  w23  w24  w25  w26  w27 
ere are n departments in WCH, but i departments (i ∈ 1, 2, . . . , n) need to be allocated beds. Our main decision variable is C i , which represents the number of beds for department i. Our goal was to balance the BOR of each department; hence, our objective function is to minimize the total gap between BOR of each department and their average BOR. We developed a MIP model as follows:
(4) Constraints
Because of the imbalance between different specialty care departments, we aimed to balance the BOR of various departments without adding extra beds. In objective function (3), ( n i�1 BOR i (C i ))/n is the average BOR of n departments and Z is the sum of the gap between the BOR of the n departments and the average of their BOR. e purpose of function (3) is to minimize the total gap in BOR between different departments and average BOR.
e constraint described by function (4) means the functional relationship between BOR and the number of beds, which is calculated in Stage II. Here, we assume that the two are quadratic functions:
where β i is a constant and a i and b i are coefficients (for more details, see Section 3.2); function (5) means that the total number of beds of the n departments is constant. Function (6) ensures that there will be an upper limit and a lower limit for the beds in each department. Functions (7) and (8) impose restrictions on the ward type and patient gender. Each ward has either one, two, or three beds. e distinction between male and female wards, and the number of ward types in each department should not be less than two. For example, a single-bed ward has at least two wards so that a male patient can live in one room and a female patient can live in another single room. e other two ward types have the same conditions. Both male and female patients can decide which type of ward to live in, ensuring the fair treatment of patients.
Results
Stage I: Data Preliminaries.
e LOS of 28 departments can be calculated by function (1) , and the BOR of the 28 departments can be calculated by function (2) . Table 2 shows the number of beds and BOR in 28 departments of the current WCH. e BOR varies from 60.7% to 195% among the 28 departments. Some literature indicates [32, 33] that the optimal range for BOR is between 85% and 90%. Based on this estimation, we divided these departments into three groups:
(1) Group A: BOR is less than 85%. For example, W9 owns 236 beds, but its BOR is only 75.2%. (2) Group B: BOR is greater than 90%. For example, the BOR of W6 reaches as high as 102%, but it only has 72 beds. (3) Group C: BOR is between 85% and 90%. eir bed numbers and BOR are within the normal range, compared to groups A and B.
It is clear that there are serious imbalances in BOR between departments. To solve this problem, we interviewed a hospital manager, three other managerial assistants, and medical physicians of the ASC. We choose five departments (W9, W10, W19, W6, and W27) from groups A and B to solve the problem of bed allocation by applying the framework mentioned in Section 2.3.
Stage II: Construction of Constraint Conditions.
After perprocessing the data and selecting the departments, we fitted the distribution of the patient arrival rate and LOS of the five departments using EASY-FIT, and the results are shown in Table 3 .
We obtained the distribution of arrival rates for all five departments.
e fitting of LOS is not ideal. Five departments do not display any distribution. We took the median of the LOS as their distribution. We used W9 as the example from which we can build the simulation model. Figure 3 describes the simulation model of W9 in Simio.
We set up a patient entity, called Patients, and a patient source called Source1, in the Simio software. We let Source1 associate with Patients and set the arrival rate to obey the Johnson distribution (0.025, 0.803, −8.16, 85.98).
We built a Server1 to represent beds. Its Service capacity was set to the current number of beds (236), and service time
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was set to 10 days. We calculated the proportion of hospitalizations (43%) based on the number of hospital admissions (12712) and discharges (5478). ere are two leaving routes in the simulation model, namely, Sink1 and Sink2. Sink1 represents the event that a patient leaves the hospital after being served by Server1. e weight from Source1 to Server1 is 43%. Sink2 indicates that a patient who was not admitted to the hospital left the hospital directly through Sink2; the weight from Source1 to Sink2 is 57%.
In order to validate the model, we run the model for a simulated year.
e result was that the total number of discharges was 5984, and the BOR was 69.5%. Compared with real data, the difference is 9.2% and 7.5%, respectively. e error was acceptable. en, we set different parameters for the Server1 and calculated the BOR for different scenarios. Because W9 belongs to group A, we needed to reduce the number of beds and increase the BOR. We should therefore reduce the number of beds in Server1. In Table 4 , we list the number of beds and the corresponding BOR situation for W9. e results of the other four departments are presented in Tables 5-8 .
We used the number of beds as an independent variable and the BOR as the dependent variable based on the results in Table 4 . e graph of BOR changing with the number of beds is shown in Figure 4 . It is difficult to intuitively obtain the relationship equation between the two from the graph, so we selected eight kinds of curve functions-linear, logarithm, quadratic, composite, power, growth, exponential, and logistic-with which we can attempt to fit their functional relationships. We used the value of R 2 to determine which relationship function between bed and BOR of W9 had the best fit (Table 9 ). Since the R 2 value of the quadratic function was the best, at 0.977, we decided that the quadratic function best describes the relationship between the bed numbers and the BOR in W9. We can derive the functional relationship between BOR 1 (C 1 ) and the bed C 1 from Table 9 ; the equation is:
Similar to the analysis process of W9, we obtained the quadratic functional relationships between the BOR and the bed number of the other four departments (Tables 10-13) . Hence, the relationship function between beds and BOR of department i is expressed as follows:
where BOR i (C i ) represents the bed occupancy rate of department i, C i is the number of beds in department i, β i is a constant, and a i and b i are coefficients. We have obtained five equations, respectively, for five departments. ey are Figure 4 : BOR curve for different numbers of beds. e abscissa is the number of beds, and the ordinate is BOR. Note. e higher the R 2 , the better the function model. When the W6 model is fitted, it has the same outcome as W9. e quadratic curve is also selected. e bed number of W6 is C 3 , and the bed rate is BOR 3 (C 3 ). According to the estimated value of the parameter, BOR 3 (C 3 ) � 0.687 + 0.008C 3 − 0.000049323C Note. e higher the R 2 , the better the function model. In the W27 model fitting, the fitting of the quadratic curve is the best, and the quadratic curve is selected.
e bed number of W27 is C 4 , and the bed utilization rate is BOR 4 (C 4 ). According to the estimated value of the parameter, BOR 4 (C 4 ) � 0.901 + 0.003C 4 − 0.000020066C Note. e higher the R 2 , the better the function model. In the W10 model fitting, the fitting degree of the quadratic curve is the best, and the quadratic curve is directly selected.
e bed number of W10 is C 2 , and the bed utilization rate is BOR 2 (C 2 ). According to the estimated value of the parameter, BOR 2 (C 2 ) � 0.895 + 0.003C 2 − 0.00002854C (3)- (8), including the five selected departments and established the quadratic function relationship between the bed numbers and the BOR. We then applied these parameters to equations (3)- (8) to solve the model. e specific MIP model is as follows:
Objective function
Constraints
Constraints (11)- (15) are quadratic functions of the number of beds and the BOR of the five departments. After we obtain the number of beds in each department, we can calculate their BOR by formulas (11)- (15) . Constraint (16) states the total number of beds in five departments. Constraints (17)-(21) limit the upper bound and lower bound on bed numbers of each department. Constraints (22) and (23) restrict the ward type and patient gender. ere are three ward types for each department in WCH. So, the number of beds in department i is the sum of the total number of beds from those three types. In order to distinguish the male and female wards, the number of each department type must be a positive integer and should not be less than two. We used the genetic algorithm [34] to solve the MIP model. e genetic algorithm is run on a personal computer with an Intel ® Core ™ i7-7700 CPU, a 3.60 GHz z Intel processor, and 8.0 GB RAM. e elapsed time is 77.652611 seconds.
We analyzed the results from three aspects:
(1) Initial bed allocations and optimal bed allocations based on our model: as shown in Figure 5 , the blue histograms represent the Initial bed allocation, which is the current hospital bed number. e optimal bed allocations from our model are represented by the yellow histograms. Figure 5 shows the optimal bed allocation strategy: the bed of the W9 reduces from 236 to 166, W10 from 168 to 121, and W19 from 54 to 44; W6 increases from 72 to 135 and W27 from 114 to 178. (2) Initial BOR and optimal BOR: Figure 6 shows the corresponding BOR after optimization. e W9 increases from 69.5% to 84.76%, W10 from 64.7% to 84.01%, W19 from 68.9% to 84.78%; on the contrary, W6 decreases from 98.1% to 86.81% and W27 from 98.5% to 83.48%. Blue lines represent the original represents the imbalance degree of bed utilization between various departments. For baseline bed allocation, the initial value of the objective function Z is as high as 0.7344. After optimization, the optimal value of Z is 0.0409, indicating that our optimization reduced the severity of the imbalance.
Finally, we can get a combination of beds in different wards based on the number of optimal beds (Table 14) . In formula (22) , C i depends on the value of K ij , that is to say, the combinations of K ij produce different C i values. For example, the optimal number of beds for W9 determined by our model is 166 (C 1 � 166); there are many combinations for single-bed wards (K 11 ), double-bed wards (K 12 ), and triple-bed wards (K 13 ), such as (26, 40, 20) , (22, 42, 20) , and (36, 20, 30) . is means that W9 can provide 26 single-bed wards, 40 double-bed wards, and 20 triple-bed wards; 22 single-bed wards, 42 double-bed wards, and 20 triple-bed wards; or 36 single-bed wards, 20 double-bed wards, and 30 triple-bed wards; and so on.
Discussion
Many tertiary hospitals in China are facing the same problem as WCH, with respect to the imbalance in the utilization of bed resources in different departments. e availability of beds for hospital care is excessive in some cases and scarce in others. is phenomenon has caused many problems for hospitals. For example, some hospital wards are always overcrowded, while others are underloaded. Some scheduled patient admissions are delayed or even transferred to other hospitals, and some patients are hospitalized in inappropriate wards which are unsuited to their pathologies, with the risk of a lower quality care and a greater chance of infection [35] .
To relieve this imbalance, we propose a data-driven hybrid three-stage framework combining multiple methods to produce a feasible bed allocation strategy since it is difficult to allocate beds among all 28 departments in the whole WCH. We selected five departments (W9, W10, W6, W27, and W19) through data analysis and survey interview. W9, W10, and W19 are departments that have many beds with a low BOR while W6 and W27 have few beds with high BOR. For Stage II, we developed a generic discrete-event simulation model. We fitted the relationship function between BOR and beds of each wards via the simulation model. In Stage III, we developed a MIP model to minimize the imbalance in BOR. e results of Stage II are incorporated into the MIP model as one of the key constraints. We also considered other constraints, such as ward types (single, double, and three-bed wards) and upper and lower bounds on the number of beds.
Our data-driven hybrid three-stage framework produces a flexible allocation strategy for hospital bed management. Our research helps to improve the utilization of medical resources and the quality of medical services by balancing bed numbers and BOR between different departments. Our model may be applied in two ways. Firstly, it can be extended to other wards with different arrival rates and LOS distribution. Secondly, our study can provide a reference for dealing with the problem of hospital bed capacity to other large general hospitals in China. Our research provides a common framework for hospital bed allocation, so other departments or hospitals can follow our three-stages framework to realize their allocation of beds. Because the data of each hospital and the actual situation are different from those of WCH, different constraints or objective functions may be generated. For example, other hospitals 
Conclusions
We focused upon the problem of allocating beds among different departments in a hospital. We took a large public hospital in China, WCH, as a case study. To relieve imbalances in BOR between departments, we proposed a threestage framework. In the first stage, we collected data and identified departments of interest. In the second stage, we identified the functional relationship between the number of beds and the BOR. e third-stage MIP model provides the best number of bed allocations for different departments. It has proven to be a feasible method to ease the shortage of beds.
Our research is based on real data, and hospital managers can draw upon the results of this study to solve the bed occupancy and capacity problem.
e three-stage framework can help bed managers adjust the allocation of beds in a timely and dynamic manner. is approach can be applied to the majority of other hospitals and may serve as a starting point for the development of allocation models for other service industries with similar conditions, such as the allocation of beds or room types in hotels.
Future study can consider the following two aspects: since this is the initial stage of bed allocation, the strategy can be extended to more departments. In addition, the practice will be a good reference for other large general hospitals in China. More factors may be considered for inclusion in the MIP model such as other ward resources (nurses and doctors), infectious patients, and the undesirability of mixed-sex rooms.
